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Abstract. We study the density of states (DOS) in band gaps of ideal and disordered three-dimensional
photonic crystals of finite size. The ideal crystal is a diamond lattice of resonant point scatterers (atoms)
whereas the disordered one is obtained from it by displacing the scatterers by random distances in random
directions. We find that DOS inside a band gap of the ideal crystal decreases as the inverse of the crystal size.
Disorder narrows the band gap and DOS exhibits enhanced fluctuations near the new band edges. However,
the average DOS still exhibits the same scaling with the crystal size within the remaining band gap. A
phenomenological explanation of this scaling suggests that it should hold for one- and two-dimensional
photonic crystals as well.
PACS. 42.70.Qs Photonic band gap materials – 78.67.Pt Optical properties of photonic structures –
42.25.Dd Wave propagation in random media
1 Introduction
Photonic crystals are promising for many practical ap-
plications and constitute an interesting physical object to
study [1]. Theoretical studies of their optical properties are
largely facilitated by their ideal periodic structure and a
common assumption of infinite crystal size. However, the
crystals used in current experiments and to be used in fu-
ture potential applications are necessarily imperfect [2,3]
and of finite size. These complications are not minor and
have important consequences that can spoil the important
physical properties that make photonic crystals interest-
ing. In particular, both disorder and finite size introduce
states (modes) inside a band gap of a hypothetical ideal
infinite crystal—a phenomenon that is clearly undesirable
for those applications that rely on the vanishing density
of optical states (DOS) inside a band gap.
Scaling of DOS inside a band gap with the size L of
an ideal photonic crystal has been theoretically studied
by Bin Hasan et al. [4]. These authors have predicted that
inside a band gap, DOS is inversely proportional to L.
However, their analysis was based on a phenomenological
assumption that optical modes of the crystal acquire fi-
nite lifetimes proportional to L. A different dependence
of mode lifetimes on L would lead to a different result.
In addition, different modes are not necessarily affected
by the finite crystal size in the same way and thus their
lifetimes may be different. Finally, real crystals are not
only finite in size but are also disordered due to imper-
fections that inevitably arise during the fabrication pro-
cess [2,3]. Therefore, the question concerning the scaling
of DOS with crystal size in realistic, disordered photonic
crystals cannot be considered as completely closed.
The authors of Ref. [4] write that “exact calculations
for 2D and 3D photonic crystals are beyond the scope of
present-day computational power”. In this paper we use
the model of dipolar resonant point scatterers (atoms) ar-
ranged in a 3D diamond lattice to challenge this statement
and study the scaling of DOS with the size L of photonic
crystal from first principles. In contrast to the calcula-
tion of Ref. [4], our model is fully microscopic. It can be
realized in an experiment with cold atoms in an optical
lattice and serve as a qualitative model of photonic crys-
tals made of identical small dielectric particles. We show
that, indeed, DOS scales as 1/L inside a band gap of a
perfect crystal. In addition, we demonstrate that intro-
ducing disorder in scatterer positions reduces the gap but
does not affect this scaling as far as disorder does not close
the gap. Deviations form 1/L scaling of DOS appear near
band edges where DOS exhibits large fluctuations from
one realization of disorder to another.
2 The model
We study a periodic arrangement of N  1 identical dipo-
lar resonant point scatterers (atoms) having a resonance
frequency ω0 and a resonance width Γ0. Previous stud-
ies including pioneering works by Foldy [5] and Lax [6] as
well as later developments [7,8,9,10] have shown that the
multiple scattering of light in a system of N point scatter-
ers can be studied using a Green’s matrix Gˆ that plays a
role of an effective Hamiltonian for the atomic subsystem
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Fig. 1. Visualization of perfect (a) and disordered (b) three-dimensional diamond lattices studied in this work. Blue points
indicate positions of resonant point scatterers (atoms) with a resonance frequency ω0 and a resonance width Γ0. The perfect
lattice (a) is obtained by superposition of two identical fcc lattices with a lattice constant a. The basis vectors of the first lattice
are e1 = (0, a/2, a/2), e2 = (a/2, 0, a/2) and e3 = (a/2, a/2, 0). The second lattice is obtained by translating the first one by
e = (a/4, a/4, a/4). k0a = 3.4 for this figure with k0 = ω0/c and c the speed of light. The lattice spacing a and the diameter L
of the system fix the number N and the average number density ρ of scatterers (N = 2869 and ρ/k30 = 0.2 for this figure). The
disordered lattice (b) is obtained from (a) by displacing scatterers in random directions by random distances ∆rj (j = 1, . . . , N)
that are uniformly distributed within an interval [0,∆rmax], where ∆rmax = W × a and W measures the strength of disorder.
W = 0.1 for the panel (b) of this figure.
of the full system “atoms + light”. The 3N × 3N matrix
Gˆ is composed of N ×N blocks of size 3 × 3, each block
describing propagation of light between a pair of atoms.
The explicit expression for the elements of a 3 × 3 block
Gˆjn of the matrix Gˆ is
Gµνjn = iδjnδµν + (1− δjn)
3
2
eik0rjn
k0rjn
×
[
P (ik0rjn)δµν +Q(ik0rjn)
rµjnr
ν
jn
(rjn)2
]
, (1)
where P (x) = 1−1/x+1/x2, Q(x) = −1+3/x−3/x2, rjn
is a vector connecting atoms j and n (j, n = 1, . . . , N),
k0 = ω0/c, c is the speed of light in the free space, and
the indices µ, ν = x, y, z denote the projections of rjn on
the axes of the coordinate system: rxjn = xjn, r
y
jn = yjn,
rzjn = zjn.
The matrix Gˆ allows for calculating the vector E(ω)
containing three projections of N electric field vectors at
the positions of atoms due to an incident monochromatic
wave E0(ω) via an equation [5,6]:
E(ω) = E0(ω) + α(ω)
[
Gˆ(ω)− i1
]
E(ω), (2)
where E(ω) = [Ex(ω, r1), E
y(ω, r1), E
z(ω, r1), . . ., E
x(ω,
rN ), E
y(ω, rN ), E
z(ω, rN )]
T , E0(ω) = [E
x
0 (ω, r1), E
y
0 (ω,
r1), E
z
0 (ω, r1), . . ., E
x
0 (ω, rN ), E
y
0 (ω, rN ), E
z
0 (ω, rN )]
T and
α(ω) = −(Γ0/2)/(ω − ω0 + iΓ0/2) is the (dimensionless)
scatterer polarizability. The solution of Eq. (2) reads
E(ω) =
(
1− α(ω)
[
Gˆ(ω)− i1
])−1
E0(ω). (3)
It follows from Eq. (2) that any field E(ω) can be ex-
panded in 3N (right) eigenvectors ψm of the matrix Gˆ
obeying
Gˆψm = Λmψm, m = 1, . . . , 3N, (4)
where the eigenvalues Λm are complex due to the nonher-
miticity of the matrix Gˆ. Following the usual terminology
of the field of open quantum system, we will call ψm quasi-
modes. Then ωm = ω0 − (Γ0/2)ReΛm and Γm = Γ0ImΛm
represent the oscillation frequencies and decay rates of
quasimodes, respectively.
In the past, the model presented above has been used
to study light scattering in fully disordered systems by
assuming that atomic positions rj are random and in-
dependent [9,11,12], in photonic crystals [13], and more
recently in aperiodic systems [14,15]. We start with the
same diamond lattice as in Ref. [13] but introduce dis-
order by randomly displacing all atoms instead of tak-
ing some of them out. The diamond lattice is obtained
by superimposing two identical face-centered cubic (fcc)
lattices with a lattice constant a. The basis vectors of
the first lattice are e1 = (0, a/2, a/2), e2 = (a/2, 0, a/2)
and e3 = (a/2, a/2, 0). The second lattice is obtained by
translating the first one by e = (a/4, a/4, a/4). An ex-
ample of an ideal diamond lattice obtained in this way is
shown in Fig. 1(a). Disorder is introduced into the ideal
lattice by displacing atoms by random distances ∆rj in
random, independent directions. We choose ∆rj uniformly
distributed between 0 and W ×a, where the dimensionless
quantity W measures the strength of disorder. An exam-
ple of disordered atomic lattice is shown in Fig. 1(b).
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Fig. 2. DOS (a) and average DOS (b) of the perfect and disordered crystals shown in Figs. 1(a) and (b), respectively, for
increasing crystal size L. In (b), DOS is averaged over 1200, 750, 286 and 9 independent random scatterer configurations for
k0L = 30, 40, 50 and 60, respectively. Dashed lines show band edges as determined in Ref. [16] for the infinite crystal. Insets
zoom on the spectral range corresponding to the band gap. Arrows in the inset indicate frequencies for which scaling with L is
shown in Fig. 3.
The ideal diamond lattice exhibits a full omnidirec-
tional band gap for k0a . 5.14 [16]. In this work we choose
a fixed value of k0a = 3.4 corresponding to the average
number density of scatterers ρ = N/V ' 0.2, where V
is the volume of the crystal. To avoid any artifacts that
may arise from the presence of corners in a finite-size crys-
tal (for example, for a crystal having a shape of a cube)
or from a particular symmetry of crystal shape coinciding
with the symmetry of the crystal structure (for a diamond-
shaped crystal), we assume that the crystalline structure
fills a sphere of diameter L (see Fig. 1).
3 Density of states
The density of states (DOS) of a finite-size crystal can be
estimated as
N (ω) = 1
3Npi
3N∑
m=1
(Γm/2)
(ω − ωm)2 + (Γm/2)2 , (5)
where ωm and Γm are the frequencies and decay rates
of quasimodes, respectively. In order to compare results
corresponding to different N , we normalize DOS to one:
∞∫
−∞
dωN (ω) = 1, (6)
so that the number of states in an infinitesimal frequency
interval dω centered at a frequency ω is 3NN (ω)dω. For
a closed or infinite system Γm → 0 and Eq. (5) reduces to
the standard expression N (ω) = (1/3N)∑3Nm=1 δ(ω−ωm).
3.1 Ideal diamond lattice
Figure 2(a) shows DOS of the ideal diamond lattice calcu-
lated by numerically diagonalizing matrices Gˆ of increas-
ing sizes L and then using Eq. (5). N (ω) exhibits quite
an irregular structure with a number of sharp peaks and
regions of strong oscillations. It clearly shows a signifi-
cant drop in the range (ω − ω0)/Γ0 ∈ [−1.25,−0.31] cor-
responding to the band gap of the infinite crystal [16] and
delimited by vertical dashed lines. Outside the band gap,
DOS changes very little with the crystal size L and seems
to have roughly converged to its value in the infinite crys-
tal. In contrast, inside the bandgap DOS clearly decreases
with L which we illustrate in the inset of Fig. 2(a) by
showing a zoom on the spectral range corresponding to
the band gap. DOS is not flat inside the band gap and
exhibits, in particular, a peak around the middle of the
band gap at (ω − ω0)/Γ0 ' −0.75. We have chosen three
frequencies (ω − ω0)/Γ0 = −1, −0.75 and −0.5 [indicated
by vertical arrows in Fig. 2(a)] inside the gap and show
the dependence of DOS at these frequencies on the crys-
tal size in Fig. 3(a). The numerical results are satisfactory
described by power-law fits N (ω) ∝ 1/L for all three fre-
quencies, including the frequency (ω − ω0)/Γ0 ' −0.75
corresponding to the peak in DOS. This confirms the pre-
diction of Ref. [4] on a microscopic basis.
3.2 Disordered diamond lattice
We now turn to the disordered diamond lattice in which
atoms are randomly displaced from their positions in an
ideal diamond lattice. Because DOS N (ω) of a disordered
lattice depends on the exact atomic configuration (i.e.
on the realization of “disorder”), we analyze its average
〈N (ω)〉 over an ensemble of many different, statistically
independent configurations. This quantity is shown in Fig.
2(b). We see that averaging over disorder smooths out the
rapid variations and oscillations of N (ω) [compare Figs.
2(a) and (b)] while preserving its overall structure and, in
particular, the band gap. Its width, however, is reduced
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Fig. 3. Scaling of DOS (a) and of average DOS (b) shown in Fig. 2, with crystal size L, for three frequencies indicated in the
insets of Figs. 2(a) and (b) by arrows. Dashed lines show power-law fits N (ω), 〈N (ω)〉 ∝ 1/L.
by disorder and its edges are washed out, as might have
been expected. The peak of DOS in the middle of the gap
is only slightly suppressed by averaging.
Figure 3(b) shows the scaling of the average DOS with
crystal size L for the same three frequencies as in Fig.
3(a). In the middle of the gap at (ω − ω0)/Γ0 ' −0.75,
the average DOS shows the same scaling 〈N (ω)〉 ∝ 1/L as
DOS in the ideal crystal without disorder [green squares
in Fig. 3(b)]. The two other frequencies, however, now
turn out to be close to the band edges pushed towards
each over by disorder. As a result, the decrease of 〈N (ω)〉
with L slows down and the simple law 〈N (ω)〉 ∝ 1/L
describes it less accurately. The accuracy of our results
do not allow concluding with certainty whether the two
frequencies (ω − ω0)/Γ0 = −1 and −0.5 are still inside
the band gap of the disordered crystal (in which case, the
average DOS 〈N (ω)〉 should decrease with L and vanish
for L → ∞) or not (corresponding to a finite 〈N (ω)〉 in
the limit of L→∞).
Some information about the positions of band edges
in the disordered crystal can be obtained by analyzing
fluctuations of DOS from one atomic configuration to an-
other. The magnitude of these fluctuations is measured by
the variance of DOS 〈δN (ω)2〉, where δN (ω) = N (ω) −
〈N (ω)〉. This quantity is shown in Fig. 4. We clearly ob-
serve that 〈δN (ω)2〉 decreases with the size L of the dis-
ordered crystal for almost all frequencies except for the
two frequencies inside the band gap of the ideal crystal:
(ω − ω0)/Γ0 ' −1 and −0.45. At these two frequencies,
〈δN (ω)2〉 exhibits maxima and seems to remain roughly
independent from L or even to grow with it (at least,
within the accuracy of our calculations). We believe that
this behavior signals band edges of the infinite disordered
crystal. Indeed, at a frequency corresponding to such a
band edge, we expect large fluctuations of DOS for a fi-
nite crystal because a slight shift of the band edge for a
given atomic configuration with respect to its average po-
sition leads to a large change of DOS from 0 inside the
band gap (or, more precisely, a small value ∝ 1/L) to a
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Fig. 4. Variance of DOS N (ω) in disordered photonic crystals
of different sizes L. Dashed lines indicate the edges of the band
gap in the ideal, infinite crystal without disorder. The inset
zooms on the spectral range corresponding to the band gap.
finite value outside it. We thus see that the two of the
three frequencies analyzed in Fig. 3, (ω − ω0)/Γ0 ' −1
and −0.5, turn out to be close to band edges of the dis-
ordered crystal. This explains deviations from the scaling
〈N (ω)〉 ∝ 1/L at these two frequencies.
4 Discussion
An insight into the reasons behind 1/L scaling of DOS
N (ω) with system size L can be obtained by expressing
N (ω) via the local density of states (LDOS) N (r, ω). In
addition to the information about the total number of
optical modes in the vicinity of frequency ω, LDOS also
carries information about the spatial distribution of mode
intensities. DOS and LDOS are, of course, related via a
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simple equation
N (ω) = 1
V
∫
V
d3r N (r, ω), (7)
where we assumed 3D space. N (ω) = N (r, ω) only in
a structureless, homogeneous infinite medium where all
points r are equivalent. In a completely disordered medium,
N (r, ω) fluctuates with r and N (ω) = 〈N (r, ω)〉 if the
medium is infinite.
In a photonic crystal of finite size, LDOS N (r, ω) is
suppressed for frequencies inside the band gap [17] and
scales roughly exponentially with the distance from the
point r to the crystal boundary [18,19]. The suppression
of LDOS deep inside the photonic crystal can lead to an
inhibition of spontaneous emission of an excited atom or
molecule placed inside the crystal [20]. Let us assume that
for our spherical photonic crystal in Fig. 1(a),
N (r, ω) = N (L/2, ω)× exp
[
−L/2− r
ξ(ω)
]
, (8)
whereN (L/2, ω) is the value of LDOS at the crystal bound-
ary and ξ(ω) is its decay length with the distance to the
boundary. Then we readily find from Eq. (7) that
N (ω) = N (L/2, ω)× 6ξ(ω)
L
(9)
for L  ξ(ω). This equation features the 1/L scaling ob-
served in Fig. 3(a).
The model developed above is clearly oversimplified.
In reality, N (r, ω) is not constant at the crystal boundary
and its exponential decay towards the center of the crystal
is necessarily accompanied with rapid, angular-dependent
oscillations [19]. We believe, however, that the model cor-
rectly reflects the essence of the relation existing between
DOS and LDOS in a photonic crystal of finite size. In par-
ticular, it allows for resolving an apparent contradiction
between the exponential scaling of LDOS and the power-
law scaling of DOS with the crystal size. It is also easy to
verify that the model applies in one- and two-dimensional
crystals equally well, yielding N (ω) ∝ 1/L independent of
space dimensionality. The decay of LDOS in Eq. (9) does
not need to be exactly exponential but it should be rapid
enough, so that the integral in Eq. (7) is dominated by
the region adjacent to the crystal boundary.
Because LDOS deep inside the crystal is exponentially
small, it cannot be relevant for the power-law scaling of
DOS and hence the latter is dominated by the states spa-
tially localized near the crystal boundary and only weakly
sensitive to the band gap. The number of such states scales
as the crystal surface S ∝ L2 and their weight in the total
DOS scales as S/V ∝ 1/L, where V ∝ L3 is the crystal
volume. We thus again recover the same 1/L scaling from
purely geometrical considerations. Obviously, all the argu-
ments presented above still hold in the presence of weak
disorder that does not close the band gap.
5 Conclusions
We used the random Green’s matrix approach introduced
previously [5,6,9,12,13] to study the density of states (DOS)
in photonic crystals. Although more efficient approaches
to DOS calculation exist for ideal crystals of infinite ex-
tent [16,17], our method is well tailored to deal with sys-
tems of finite size and to explore the impact of imper-
fections (disorder) of the crystal structure. In a photonic
crystal composed of identical resonant scatterers (atoms)
arranged in a 3D diamond lattice, a full omnidirectional
photonic band gap opens when the lattice constant is suf-
ficiently small. Our calculations confirm the previous pre-
diction about the scaling of the density of states N (ω)
inside the band gap with the crystal size L: N (ω) ∝ 1/L.
This scaling also holds in the presence of weak disorder
in scatterer positions, for frequencies ω inside the band
gap of the disordered system, but becomes only approx-
imate and eventually breaks down for frequencies in the
vicinity of band edges. The band edges of a disordered
photonic crystal are characterized by strong fluctuations
of DOS N (ω) from one realization of disorder to another.
The variance of these fluctuations 〈δN (ω)2〉 does not de-
crease with crystal size L, in contrast to 〈δN (ω)2〉 at other
frequencies, where 〈δN (ω)2〉 is a decaying function of L.
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